REITER'S PROPERTIES FOR THE ACTIONS OF LOCALLY COMPACT QUANTUM 

GROUPS ON VON NEUMANN ALGEBRAS 



M. RAMEZANPOUR AND H. R. EBRAHIMI VISHKI 

Abstract. The notion of an action of a locally compact quantum group on a von Neumann algebra is studied from the 
' amenability point of view. Various Reiter's conditions for such an action are discussed. Several applications to some 

' specific actions related to certain representations and corepresentaions are presented. 

1. Introduction 

] In order to extend some theories of liarmonic analysis from abelian locally compact groups (especially, to restore 
', the so-called Pontrjagin duality theorem) to non-abelian ones, a more general object — Kac algebra, which covers all 
, locally compact groups — constructed by some authors in early 70 's; whose complete account can be found in [3- The 
, notion of quantum group introduced by V.G. Drinfeld and improved by others using an operator algebraic approach. 
. Their approach did not satisfy some of the axioms of the Kac algebras and motivated more efforts to introduce a more 
' general theory. Some improvement in this direction were made by S.L. Woronowicz, S. Baaj, G. Skandalis and A. Van 
' Daele. Finally J. Kustermans and S. Vaes, [SKTU], introduced the concept of locally compact quantum group along 
■ a comprehensive set of axioms which covers the notion of Kac algebras, [7j, and also quantum groups. Some of the 
' most famous locally compact quantum groups (which have been extensively studied in abstract harmonic analysis) 
' are L°°(G) and VN(G), in which G is a locally compact group. In spite of these two algebras have different feature in 
abstract harmonic analysis but they have mostly a unified framework from the locally compact quantum group point 
[ of view. Some aspects of abstract harmonic analysis on locally compact groups arc intensively extended by V. Runde, 
[15|, I16j. to the framework of locally compact quantum groups. The same discipline continued by the authors in [14j . 
, Daws and Runde, [17| . introduced the Reiter's properties Pi and P2 for a general locally compact quantum group. 
Following |17| . in the present paper we come with a slightly different approach to give various Reiter's properties for 
the action of a locally compact quantum group on a von Neumann algebra. This method generalizes not only many 
results of [21 [3l [HI [121 [H] but also allows us to present the main results of [17] with shorter proofs. 

Before proceeding, we fix some notations. If is a Hilbert space, then B{H) and IC{H) denote the algebra of all 
bounded and compact operators on H, respectively. If i? is a *-algebra, M (B) denotes the multiplier algebra of B. As 
usual (E) denotes tensor product; depending on the context, it may be the algebraic tensor product of linear spaces, the 
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tensor product of Hilbert spaces, the minimal tensor product of C*-algebras or the tensor product of von Neumann 
algebras. If E and F are operator spaces, as in [5], we denote the completely bounded operators from i? to by 
CB{E, F) and use (§> and ® to denote the injective and projective tensor product of operator spaces, respectively; it 
should mentioned that in the C*-algebraic setting the injective and minimal tensor products are coincide. For n G N, 
the n-th matrix level of E is denoted by M„(£') and for a linear map T : E ^ F,wc write T(") : M„(S) ^ M„(i^) 
for the 71-th amplification of T. If is a Hilbert space, we denote the column operator space over H by He- 

2. Amenability of (9^, a) 

In this section we introduce the amenability of (OT, a), where a is a left action of a Hopf-von Neumann algebra 
(3Jt, r) on a von Neumann algebra 9^. And then we investigate some of its equivalent formulations. First, we formulate 
and briefly the notions of Hopf-von Neumann algebras. 

Definition 2.1. A Hopf-von Neumann algebra is a pair F), where 971 is a von Neumann algebra and F : SOT > 

3Jt (8i 971 is a normal, unital *-homomorphism satisfying (i ® F)F = (F (8) l)T . 

Let (971, F) be a Hopf-von Neumann algebra then the unique predual 971* of 971 turns into a Banach algebra under 
the product * given by: 

{uj*uj'){x) ^ (cj®cj')(r(x)) {oj,uj' e 97t*,a; e 971). 

Let G be a locally compact group. For the so-called Hopf-von Neumanna algebras (L°°(G),Fa) and (VN(G),Fs) 
we use the notations Hq and Hg, respectively, where 

Va{f){s,t)^ f{st) (/eL-(G), s,teG), 

F3:VN(G) — ^ VN(G) ®VN(G), \{t) — > \{t) ® \{t) {t e G); 

in which, A is the left regular representation of G on L^(G). It is worthwhile mentioning that for Ha the product 
* imposed on L^(G) is just the usual convolution on L^(G) whereas for Hs it yields the usual pointwise product on 
A(G). 

For the rest of this section we fix a Hopf-von Neumann algebra H = (971, F) . A state M of 97t is called a left invariant 
mean for H if 

M{{lo (g> t)(F(x))) = Lu{l)M{x) (lu e 971,, x e 971). 

If there is a left invariant mean on H, we call H left amenable. We shall require the notion of left amenability for a 
more general presented in the next definition. 

Definition 2.2. Let M be a Hopf-von Neumann algebra, and let ^ be a von Neumann algebra. A left action o/H on 
^ is a normal, injective *-homomorphism a : 91 — > 971 91 such that (t ® a)a = {T ® L)a. A state N of is called 
an a-left invariant mean if 

N{{u; ® i){a{y))) = Loil)N{y) (c. G 9Jt,, y G 91). 
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// there is an a-left invariant mean on *yt, we call (0^, a) left amenable. 

Definition 2.3. Let H = (371, F) he a Hopf-von Neumann algebra, we say that U is a unitary left corepresentation 
of H and write U G CTZ{M) if there is a Hilbert space Hit such that U is an unitary element of VIR ® B{Hu) with 

(T®i){U)^Ui3U23. 

Example 2.4. 

(i) The comultiplication F is a left action of H on SUl and H is amenable if and only if the pair {dJl, F) is left 
amenable. 

(u) UU e Cn{M) then au ■ B{Hu) — > m®B{Hu), where au{x) = U*{\®x)U {x e B(Hu)), is a left action of H 
on B{Hjj) and {B{Hu), ajj) is left amenable if and only if U is left amenable in the sense of [21 Defiition 4.1]. 
Moreover, (F ® l){U*) ~ £^23^^1*3 ^'^^ au* is also a left action of HI on B{Hij). {B{Hij),au*) is left amenable 
if and only if U is right amenable in the sense of [H Defiition 4.1]. 

(iii) If G is a locally compact group and tt is a unitary representation of G on a Hilbert space H^^, then : 
B{H^) — > L°^{G) ®B{H^) ~ L°^{G,B{H^)), where a^(r)(s) = t:{s-^)Tt:{s) [T e B{H^),s e G) is a 
left action of Hq on the von Neumann algebra B{H-,^). Now (S(i?7r), cktt) is left amenable if and only if tt is 
amenable in the sense of [31 Definition 1.1]. 

(iv) If G is a locally compact group and s — > [3^ is an action of G on the von Neumann algebra 91, then 
ac : ^ — > L°°{G) ® 91 ~ L°°(G,91), where aG{y){s) = /3,-i(?/) (y G 91, s G G) is a left action of H„ on 91. 
Moreover by [51 Proposition 1.3], there is a bijective correspondence between actions of G and left action of 
Ha on the von Neumann algebra 91. (91, aa) is left amenable if and only if 91 is G-amenable in the sense of 
[TTl Definition 3.1] or G acts amenably on 91* in the sense of [HI Definition 1.4]. 

We commence with the following proposition. 

Proposition 2.5. For a Hopf-von Neumann algebra H the following assertions are equivalent: 

(i) H is left amenable. 

(ii) For every von Neumann algebra 91 and every left action a of W on it, (91, a) is left amenable. 

Proof. (ii)=>(i) is clear. For the converse, let M be a left invariant mean for H. and fix any state v G 91* and define 
TV G 91*, by N[y) = M{{l ® iy){a{y))) {y G 91). For cj G 9Jt* and y G 91 we have 

N{{u; (g) L)a{y)) ^ A/((w ® /, (g) «) a)a(y)) 
= Af((u;(g)i(8)i/)(F(g)t)a(y)) 
= M{{uj(giL)TiiL(g>i^)a{y))) 

= ^(i)^(y), 

that is, A'^ is an a-lcft invariant mean. □ 
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For the left action a of H on ^R, let a* denote the restriction of the adjoint of a to (9Jt (g) ^Tl)*. Thus we have, 
a* : — > Dl*, [U Corollary 4. 1.9]. The following result needs a standard arguments and so omitted. 

Proposition 2.6. Let a be a left action o/H on a von Neumann algebra Dl, then the following assertions are equivalent: 

(i) For any e > and any finite subset {iUi,LU2, ■■■,i-Un} ofdJl^,, there exists a state ly E such that \\a^,{iUi:(!Sii') — 
uJkilM < e, for k = 1,2,...,?!. 

(ii) There is a net {ui} of state in 91* such that lim^ ||q;*(ciJ ® Ui) — = 0, for all uj G 9Jt*. 

(iii) There is a net {ui\ of state in OT, such that a.^,{^JJ ® Vi) — ijj{\)vi in Vt^, for all uj G 9Jt,. 

We say that a pair (OT, a) has the Reiter's property FPi if it satisfies in one of the equivalent conditions of Propo- 
sition [2l6l In the cases presented in parts (i), (iii) and (iv) of Example 12.41 we respectively have: (971, F) has Reiter's 
property FPi if and only if the condition (xi) of [51 Theorem 2.4] holds. {B{H.^)^ a^) has Reiter's property FPi if and 
only if the representation tt satisfies in condition (iii) of [3l Theorem 3.6]; and (9^, ac) has Reiter's property FPi if 
and only if s — > /3s satisfies in condition (3) of |T8l Corollary 1.12]. 

For an action a of H on a von Neumann algebra we define the closed linear subspace LUC(0^, a) of by, 

LUC(9T,q;) =span{(tj® t)a(?/); y G Oa, w G 971,}. 

Since [lo ® t)a(l) = w(l)l and {{oj ® L)a[y))* = {to ® L)a{y*), where U!{x) = uj{x*), LUC(9I, a) contains the identity 
and is also self adjoint. 

In the cases (i), (iii) and (iv) presented in Example 12.41 we respectively have: LUC(9Jl, F) = LUC(G) as defined in 
PI Definition 2.2], L\JG{B{H^),a^) = X{H^) as defined in O Definition 3.1] and FUC(9T,aG) = UC(9T) as defined 
in [HI Definition 1.5]. 

The next result contains some fairly familiar characterizations of amenability of an action which covers [H Theorem 
2.4], [U Proposition 6.4], [3l Theorem 3.5, 3.6] and [HI Proposition 1.10, Corollary 1.12] for the special cases presented 
in Example 12.41 respectively. See also [TH Theorem 3.4]. 

Lemma 2.7. Let a be a left action of W on a von Neumann algebra 91. Consider the following assertions: 

(i) (9^, a) has Reiter's property FPi. 

(ii) (*Tl, a) is left amenable. 

(iii) There is a left invariant mean on LUC(*Jt, a). 

Then (i) <^ (ii) (iii) and these are equivalent in the case where 2Tt, has a bounded approximate identity consists of 
states. 

Proof. (i)=>(ii): A direct verification reveals that any w*-cluster point of the net {h'i}, presented in Proposition 12.61 
is an a-left invariant mean. 

(ii)=^ (i): Let N G 91* be an a-left invariant mean. There exists a net {i^i} of states in 01* such that i^i N in 01*, 
therefore a*(a; ® i^^) — uj{l)vi in 01* , for all w G 971,. 
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(ii) ^(iii) is trivial. Just restrict the a-lcft invariant mean to LUC(91, a). 

(iii) =>(ii): Let {uji} be a bounded approximate identity for 9Jt* consists of states and let Mq be a left invariant mean 
on LUC(OT, a). Define TV : 01 — > C hy 

7V(y) = limil/o((w,®i)a(2/)) (y € 
It is immediate that A'' is a state on 71. Since for each uj e 971*, \imi{uj (E) uji)T = limi(cji (g) a;)r, we have 
N{{ll! (g) i)a{y)) = limMo((w (g) ® ® a)a{y)) = lim A/o((c^ ^ ® i){T ® i)a{y)) 
= limMo{{uJi®u}® i)(r (g) t)a{y)) = limil/o((w ® L)a{{uJi ® ^■)a{y))) 
- c.(l)iV(y). 

Therefore A'^ is an a-left invariant mean on 91. □ 

3. Reiter's property Pi for (91, a) 

We start this section with recalling some of the basic definitions and properties of the von Neumann algebraic 
locally compact quantum groups that developed by Kustermans and Vaes in [9l llOj . We begin with recalling some 
notions about normal semi-finite faithful (n.s.f.) weights on von Neumann algebras, [19j . 

Let 9Jt be a von Neumann algebra and let denote its positive elements. For a weight (p on DJl let 

:= {x eTl+ : ip{x) < oo} and A/"^ := {x e 971 : x*x e M^}. 

Definition 3.1. A locally compact quantum group is a Hopf-von Neumann algebra H = (971, F) such that: 

• there is a n.s.f. weight (p on DJl which is left invariant, i.e. 

^{{u; ® i){r{x))) = coiiMx) (iu em,,xe M+), 

• there is a n.s.f. weight ip ondJl which is right invariant, i.e. 

® uj)ir(x))) = oj{l)ij{x) {uj&m,,xe Mp. 

For a locally compact group G, we have two locally compact quantum groups (L°°(G), Fa, (fa, ipa) and (VN(G), F^, ips, tps), 
in which (pa and tpa are the left and right Haar integrals, respectively, and (ps = ips is the Plancherel weight on VN(G), 
[191 Definition Vn.3.2]. 

Let 971 be in its standard form related to the GNS-construction {H, l, A) for the left invariant n.s.f. weight (p, then 
there exists a unique unitary — the multiplicative unitary — W G B(H ® H) such that 

W*{K{x) ® A(y)) = (A ® A)((F(y))(x ® 1)) (x, y G A/^). 

It satisfies (F ® i){W) = IFi3l^23 and F(a;) = VF*(1 ® x)W (a: G 97T), [lO;, Theorem 1.2], p. 913]. 

Equivalently, the von Neumann algebraic quantum group (971, F, ip) has an underlying C*-algebraic quantum group 
{A,Tc,ipc) as discussed in [9], where 

A={{i®uj){W); UJ € B{H),}-^^'\ 
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In which Fc and are the restriction of T and if to A and A'^, respectively, [TOl Proposition 1.7], [211 Proposition 
A. 2, A. 5]. The dual space of A becomes a Banach algebra with the product *c given by (/ *c g){x) = if 'S) g)Tc{x) 
{f,g ^ A* , X ^ A). It canonically contains 9Jl* as a closed ideal [Hp. 193]. 

Similar to the group setting we shall use the following notation: the locally compact quantum group (371, F, ip) is 
denoted by G, and we write L°°(G) for M, L^{G,) for OT,, L'^{G) for H, Co(G) for A and M(G) for A*. 

We shall apply notions such as left amenability and unitary left corepresentation to locally compact quantum 
groups whenever they make sense for the underlying Hopf-von Neumann algebras and we write CTZ{G) instead of 
CTZ{M). It should be mentioned that U E CTZ{G) on a Hilbert space Hjj is, in a sense, automatically continuous i.e. 
U e A/(Co(G) ® JCiHu)), [221 Theorem 1.6]. 

Before we proceed for the definitions, let us describe our main aim with more details. Let G be a locally compact 
group, p G {1, 2} and let h G LP{G). The mapping F[h] : G — > LP{G) given by F[h]{s) ^ L,-ih (s G G) is bounded 
and continuous, where {Lsh){t) ~ h{st) {t G G). G is said to has Reitcr's property Pp if there is a net {hi} of 
non-negative, norm one functions in LP(G) such that for each compact subset K of G, 

lim sup \\F[hi] - /ijp = 0. 

Moreover, these properties are equivalent to the amenability of G, [131 Proposition 6.12]. Let a G Co(G) and define 
Fa[h] : G — > LP(G) by Fa[h]{s) = a{s)L,-ih (s G G). Since a G Co(G) we have Fa[h] G Co(G,LP(G)) ^ Cn(G) ®^ 
LP(G), where (E)"^ denotes the injectivc tensor product of Banach spaces. It is straightforward to verify that G has 
Reiter's property Pp if and only if there is a net {hi} of non-negative, norm one functions in L^'(G) such that for each 
a G Co(G), 

lim \\Fa[hi\ -a(g) hi\\tg,x = 0. 

i 

Since Co(G) is a minimal operator space, Co(G)®^Li(G) ^ Go{G)(E)L^{G) and Co(G)®^L2(G) ^ Co(G)®(L2(G))c, 
[3 §8.2]. Daws and Runde, [TT], by the canonical embedding Co(G)®Li(G) and Co(G)«)(L2(G))c into Ci3(L°°(G), Co(G)) 
and C;B((L^(G))* , Co(G)), respectively, could extend Reiter's properties Pi and P2 from locally compact groups to 
locally compact quantum groups. Our motivation comes from the fact that Cq{G)(E)L^{G) and Co(G)® (L^(G))c can 
canonically embed into CB{M{G),L^{G)) and CS(M(G), {L^{G))c), respectively. 

Let a : 0^ — > L°° (G) be a left action of a locally compact quantum group G on a von Neumann algebra 91, 
and let a, 6 G Co(G) and i' G 9^*. We define 

FZ,W] : M(G) W, - ® '^); (/ e M(G)). 

It is immediate that F"^[i'] is bounded. 

Proposition 3.2. Let a be a left action of G. on m, v € m^, and let a,b e Co(G). Then i^^^H lies in CS(M(G), 
and can be identified with an element 0/ Co(G)(S)0^*. 
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Proof. Let 6 he a n.s.f. weight on 71, and let (Ag, i, He) be the GNS-construction for it. Since 71 is in standard form 
on He, there are L,S & JC{He) such that v{y) = v{LyS) {y £ 01). For / e M(G) and j/ G 91 we have 

Let C/q G L°°(G) ® B(Hg) be the unitary corepresentation such that [/* is the unitary implementation, as defined in 
[20|, Definition 3.6], of the left action a. Since a = aUaJ the mapping 

y^{t® i/)((a (E> S)a{y){b (g) L)) : 71 ^ Co(G) 

is cb-norm limit of a net of finite rank operators in CB{71, Co(G)). By taking adjoint, F"i^[i'] is also cb-norm limit of 
a net of finite rank operators in CB(M(G), 91*). Thus F^^f,[iy] e CB{M(G),7l*) and can be identified with an clement 
of Co((G)®01*. □ 

Definition 3.3. Let a be a left action of G on 71, we say that (01, a) has Reiter's property Pi if there is a net {vi} 
of states in 91, such that 

\im\\F:^bh]-ab®iy,\\^=0 

in Co(G)(g)91*, for all a,be Co(G). 

In the cases (i), (iii) and (iv) presented in Example l2.41 we respectively have: {TJl, F) has Reiter's property Pi if and 
only if G has Reiter's property Pi in the sense of [T71 Definition 3.3 ]; in particular G has Reiter's property Pi if and 
only if (L°°(G), Fq) has Reiter's property Pi. (i3(i?7r), avr) has Reiter's property Pi if and only if the representation tt 
has Reiter's property {Pi).rr in the sense of jH Definition 4.1]; and (91, ao) has Reiter's property Pi if and only if the 
action s — > Pg satisfies in condition (iii) of [TTJ Proposition 3.2] or satisfies in the condition (2) of [THl Proposition 
1.13]. 

For the proof of the main theorem of this section that covers [171 Theorem 4.5], [TTl Proposition 3.2], [3l Theorem 
4.3] and [HI Proposition 1.13] we quote the following technical lemma from jl7) . 

Lemma 3.4. ( \17\ Lemma 4.4] j Let Eq, E and F he operator spaces, and let S G CB{E, Eq) lies in the cb-norm closure 
of the finite rank operators. Then for every norm bounded net {Ti} in CB{Eq, F) that converges to T £ CB{Eq, F) 
pointwise on Eq we have 

lim||T,o5|| =limsup sup JKT, o 5)(")(/ )lln = 0; 

« nSN / eM„(£;)i 

where M„{E)i = {f e M„(i;) ; ]] / ]]„ < 1}. 

Theorem 3.5. Let a be a left action of G on 71. Then the following assertions are equivalent: 

(i) (91, a) is left amenable. 

(ii) (91, a) has Reiter's property Pi. 
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Proof. (i)=>(ii): Let a, 6 e Co(G) and ujq G L^(G) be an arbitrary state. By Lemma [2?fl there exists a net {z^^'jig/ of 
states in such that Hm^ ||a*(w z^-) — w(l)z^-|| = 0, for all w G L^(G). For i & I set Vi = Q;*(a;o ® I'l) and define 
:Li(G) by 

Ti{Lu) = ® z^,') - w(f 

Thus hnii Iji^i — = and the net {Ti}, which hes in CS(L^(G), 01*), is norm bounded and also it converges to 
pointwise on L^(G). 

By Proposition 13.21 S := -F'atlt^o] G CS(M(G), L^ (G)) belongs to the cb-norm closure of the finite rank operators. 
For / e M(G) we have 

Fa.bWi]if) = a46/a®a*(a;o®t'-)) = (^/a®wo0t'-)(««)a)a 

So, by Lemma [3^ we have, 

lim||F„^Ji.,]-a6®z.,||_ < lim (||T, o + |ia6 ® i., - a5 ® . ) = 0. 
This proves that (ii) holds. 

(ii) (i): Let {u^} be a net satisfying Definition 13.31 and let oj G L^(G). By the Cohen's factorization theorem, [U 
Corollary 2.9.26], there are a, 6 G Co(G) and lu' G L^(G) such that lu = bui'a. Wc then have: 

lim lla^w ® i^^) - Lj(f)i/j|| = lim - w'(afe)t/^|| 

< ||w'||lim||F,^,[z.,]-a5 0z.,||^ =0. 

This together with Lemma [2.71 implv that (i) holds. □ 

Apply Theorem 13.51 together with Lemma [^771 for the action presented in Example 12.41 (ii) we have the next result, 
which provides some equivalences for the left amenability of ?7 G CTZ{G), as [2| Dcfintion 4.1]. Recall that locally 
compact quantum group G is called co-amenable if the Banach algebra L^(G) has a bounded approximate identity. 

Corollary 3.6. For a locally compact quantum group G, consider the following assertions: 

(i) U G C72,(G) is left amenable. 

(ii) {B{Hij), ajj) has the Reiter's property FPi. 

(iii) {B{Hij), aif) has the Reiter's property Pi. 

(iv) There is a left invariant mean on lAJC{B{Hu),au). 

Then (i) (ii) (iii) ^ (iv) and these are equivalent in the case where G is co-amenable. 
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4. Reiter's Property P2 for (91, a) 

Let a : '^1 — > L°°(G) CE) DT be a left action of a locally compact quantum group G on 91. Fix a n.s.f. weight 6' on 9T 
with the corresponding GNS-construction {Ag, l, Hg). Let Ua S C7?.(G), acting on Hg^ be such that C/* is the unitary 
implementation, as defined in [20|, Definition 3.6], of the left action a\ in other words, a = ajy^ on 9T. Let ^ G Hg and 
a, 6 G Co(G) and define 

Fl,[i] : M(G) ^ Hg by i^.^J^K./) = (^/a ® ^){Uo.)^. 

Then we have, 

Lemma 4.1. Let a he a left action of G on m, ^ e Hg, and let a,b e Co(G). Then J^"J^] lies in CS(M(G), (He)c) 
and can be identified with an element 0/ Co(G)®(-ffe)c- 

Proof Let L G IC{Hg) be such that = ^. Since C/^ G A/(Co(G)®/C(i?0)) we have 

(z ® M^){{a ® f )t/„(6 ® L)) G Co{G)®iHg)c, 

where : K.{Hg) {Hg)c is the completely bounded map given by M^(S) ^ S£, {S G IC{Hg)). From the canonical 
embedding Co{G)^iHg)c into CS(M(G), (iJejc), we have 

(/ <g> M^){{a ® l)U^{b ® L)) = F^MU)- 

In other words, i^"JC] ^ C;B(M(G), (i/e)c) and it can be identified with an element of Co(G)®(i?e)c- □ 

Now we define the property P2 for a left action of a locally compact quantum group on a von Neumann algebra; 
see also [T71 Definition 5.2]. 

Definition 4.2. Let a be a left action of Q on 9^, we say that (9^, a) has Reiter's property P2 if there is a net {^i} 
of unit vectors in Hg such that for every a,b G Co('G) 

lim||F,^,[e.]-a6®e.lU =0 

in CoiG)®iHg),. 

It is obvious that (L°°(G),r) has Reiter's property P2 if and only if G has Reiter's property P2 in the sense of [T71 
Definition 5.2 ]. 

Recall that U G CTZ{G) has the weak containment property (WCP) if there exists a net {Cijie/ of imit vectors in 
Hu such that 

lim||C/(,7®CD-^®e-||=0 (77GL2(G)); 

see O §5] for details. 

Now we can prove the main result of this section that covers [171 Theorem 5.4]. 

Theorem 4.3. Let a be a left action of G on 91. Then the following assertions are equivalent: 
(i) Ua € C7^(G) has the WCP. 
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(ii) (5^, a) has Reiter's property P2. 

Proof, (i) (ii): Let a,b G Co((G) and let ujq G L^((G) be an arbitrary state. Let {Cijiei be a net of unit vectors in 
He such that 

\im\\Uc.{r^<E>^l)-r^(g>a=0 (veL^G)), 

or equivalently, hni^ Cg) i){Ua)Ci " = 0' for aU uj G L-'-(G). For i G / set = {ujo ® i){Ua)Ci ^"^^ define 

r,:Li(G)^i/eby 

Then Hnii — ^-jl = and the net {Ti}, which lies in CB(L^{G), {Hg)c), is norm bounded and also it converges to 
pointwise on L^(G). Let 5* be defined as in the proof of Theorem 13.51 then for / G M(G), 

KblC^Kf) = (bfa ® i)K ® i)iUa)e^ = {bfa ® c^o ® mU ^hsiU a) 23) e^ 
= {bfa ® Wo i){(r (g) i){Ua))C = {bfa *c luq 

= {s{f)(si){u^)c:. 

Thus, by Lemma 13.41 we have 

lim||F,"jed-a^'®e.lU < 1™ (H^. o 5|| , + ||a5 ® - afe ® C.IU) - 0. 

(ii) => (i): Let {^i} be a net satisfying Definition (|4.2p . and let G L^(G). By the Cohen's factorization theorem, [U 
Corollary 2.9.26], there are a, 6 G Co(G) and oj' G L^(G) such that lu = 6w'a. Thus 

lim||(c.®z)(C/„)e.-c.(l)e.i| = lim||F,",[C.](^')-^'(a%ll 

< \\Lu'\\lim\\FZ,[i^-ab^^,\\^=0- 

and this completes the proof. □ 

Applying Theorem 14.31 for the action presented in Example 12.41 (ii) we obtain the next result which provides an 
equivalence for the WCP of [/ G C7^(G); see [H Theorem 5.1]. 

Corollary 4.4. For a locally compact quantum group G the following assertions are equivalent: 

(i) U G C7^(G) has the WCP. 

(ii) {B{Hij),au) has Reiter's property P2. 

In this stage we would like to remark that, it would be desirable if one could present the quantum group version of 
the property {P2)tt for U G CTZ{G), in the sense of [3l Definition 4.1]. 



REITER'S PROPERTIES FOR THE ACTIONS 



11 



5. The right actions 

Since Definition 12.21 and all of its consequences are given in terms of left actions, a natural question that arises is 
what does happen if we reset our definition and results with the right actions. Here we explain this. 

Let Et and DT be a Hopf-von Neumann algebra and a von Neumann algebra, respectively. A right action of H on 
01 is a normal, injective H<-homomorphism 6 : — > ® 971 such that (S (E> l)6 = (i T)6. A state of *n is called a 
^-right invariant mean if 

N{{i u;){5{y))) = u;{l)N{y) {u; S 971,, y S 01). 

If there is a (5-right invariant mean on 91, we call (S, 91) right amenable. Two important example of such actions are 
as follows; 

(i) The comultiplication F is a right action of H on 971 and H is amenable if and only if the pair (F, 971) is right 
amenable. 

(ii) If G CTZ'{M); i.e. there is a Hilbert space Hy such that V is a unitary element of B{Hv) ® 971 with 
(t ® T){V) = V13V12, then 5v : B{Hv) — > B{Hv) ® 97t, where 5v{x) = V*{x® l)V {x G B{Hv)), is a right 
action of H on B{Hv) and {5v, B{Hv)) is right amenable if and only if V is right amenable in the sense of [21 
Defiition 4.1]. Moreover, [l ®T){V*) = V\*2y]*3 and Sy is also a right action of H on B{Hv)- {Sy , B{Hv)) is 
right amenable if and only if V is left amenable in the sense of [21 Defiition 4.1]. 

If (5 is a right action, then ad will be a left action of H°p = (971, F°p) on 91, where cr denotes the flip map and 
F°P = crF denotes the opposite comultiplication. So we can easily prove the right version of results presented in the 
left case. It should be mentioned that we must replace RUC((5, 91) instead of LUC (91, a) in the right version of Lemma 
\Z7[ where RUC((5, 91) is dcflned by 

RUC((5,91) = spari{(t®w)5(j/); y e%uj eTl^}. 

Since RUC(F,97l) = RUC(G) as defined in [TH Definition 2.2], the right version of Lemma [2.71 covers [TBI Theorem 
3.4] and [HI Proposition 4.7]. 

Let V e Cn'{G) act on the Hilbert space Hy- Set V = {j ® R)(y), then V £ Cn'{G) and Hy ^ Hy-, where 
j : B{Hy) — > B{Hy) is the canonical anti-isomorphism given by i(x)(^) — x*{£,) (^ G Hy) and Hy is the conjugate 
Hilbert space of Hy. Let Ti.S{Hy) denote the Hilbert space of the Hilbert-Schmidt operators on Hy. Let Q : Hy (g) 
Hy — > HS{Hy) be the canonical isometric isomorphism which is given by 'S)i£,'S>Tj){C) — (Cj '7)C i^i C £ Hy, fj G Hy). 
Define a normal unital ^-isomorphism 

Q : B{Hy ® Hy) ^ B{nS{Hy)) by Q{T) = QTQ* {T e B{Hy (g) Hy)), 

also define the Hilbert-Schmidt operator V^g by V^^ = {Q'S>i){V xV), where VxV G C7^'(G) is given hyVxV = ^13^23- 
Then G Cn'iG) and Hy^^ = nS{Hy). 
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Now apply the right case version of Theorem 14.31 for V E CTZ'{G) to obtain the next result which provides some 
equivalences for the property (P2) of V* , as [121 Definition 4.2(a)]; see [El Proposition 4.5]. 

Corollary 5.1. Let V e C7^'(G) act on the Hilhert space Hy ■ Then the following assertions are equivalent: 

(i) y^s has the WCP. 

(ii) V* has property (^2)- 

(iii) {5v_^^tB{1-LS{Hv))) has Reiter's property P2. 

(iv) {S^^Y^y-f, B{Hv iX) Hy)) has Reiter's property P2. 

Proof. Since for every ^ e HS{Hv) we have [$] = F^^'^ [e*(0], the proof is straightforward. □ 
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